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EFFECT OF THE LOWER IONOSPHERE ON THE PROPAGATION
OF WAVES FROM AN ELF/VLF SOURCE

IN THE MAGNETOSPHERE

INTRODUCTION

In considering undersea reception from a source radiating extremely-low-frequency
(ELF) or very-low-frequency (VLF) waves in the magnetosphere, it is necessary to calcu-
late a factor which takes into account the attenuation of the waves caused by their trans-
mission through the ionosphere, the possible multiple reflection in the earth-ionosphere
waveguide, and the penetration of the sea surface. This factor is defined as the ratio of
the plane-wave power per unit area at the submerged receiver antenna to the plane-wave
power per unit area incident on top of the lower ionosphere. We will refer to this factor
as a TRP factor in this report since its evaluation depends, in general, on a knowledge of
the ionospheric transmission (T), reflection (R), and resultant polarization (P) of the waves.
In producing a complete signal-level prediction from a given source, additional important
factors must be evaluated, such as the radiated power pattern of the antenna and the
spreading factor of the waves. These terms and their combination to provide a total
power budget will be treated in subsequent reports. The objective of this report is to
describe a technique for evaluating the TRP factor and to present examples of calculated
results.

For long wavelengths the lower region of the ionosphere experiences substantial gra-
dients in electron concentration. These gradients give rise to internal reflections, mode
coupling, and collisional absorption. Therefore a full-wave method of calculation is neces-
sary within the ionosphere, as opposed to a ray method or W.K.B. method.

Pitteway [1, 2] has studied the transmission, reflection, and polarization characteris-
tics of long-wavelength radio waves propagating through the ionosphere using a full-wave
computer method. By integrating the governing differential equations downward through
the ionosphere, two characteristic solutions (the penetrating and nonpenetrating modes)
are generated. The penetrating-mode solution is defined by choosing the polarization of
the modes where the wave is incident on the ionosphere from below, in such a way as to
maximize the energy transmitted to the whistler-mode wave at great heights. By properly
comparing the two solutions, reflection and transmission coefficients can be obtained as
a function of polarization. The method has been successful in overcoming limitations and
numerical instabilities of previous methods. Scarabucci [3] has done some work in ex-
tending this method to include the effects of heavy ions.

Pappert et al. [4-6] have developed a program for numerically determining mode con-
version coefficients and mode sums for propagation in an earth-ionosphere waveguide.
Using this program, vertical and horizontal electric-field mode sums are calculated for

Note: Manuscript submitted January 24, 1975.

1



DEWITT, KELLY AND CHAYT

vertical, horizontal, and inclined point-dipole radiators. Reflection coefficients for the
ionosphere and ground are treated in the manner developed by Budden [7] and Wait
et al. [8]. Their method for calculating ionospheric reflection coefficients is similar to
that used by Pitteway in that the governing equations of the ionospheric reflection
coefficient are integrated downward in a step-by-step process. However, their method
cannot determine wave fields inside the ionosphere and hence the power transmitted from
sources high in the ionosphere.

In the next section we derive the theory behind the TRP factor, which displays its
dependence on quantities obtainable from Pitteway's program in treating the propagation
of waves through the ionosphere. These results include a novel method for determining
the wave polarization as a function of the number of hops in the earth-ionosphere wave-
guide. This is accomplished by introducing a new set of basis vectors for the E field
obtained through the diagonalization of the reflection matrix for a single hop. It is seen
that, in general, a limiting polarization is attained after several hops. In the third section
we describe some calculations and results, for specific ionospheric models, obtained by
using Pitteway's technique, combined with the use of the TRP factor.

THEORY

Consider a signal being transmitted from a satellite into the sea. Let the wave be
incident on the upper boundary of the ionosphere at an angle Oi (Fig. 1), exit the iono-
sphere at an angle Oa, and then refract into the sea. Since the wave entering the sea will,
in general, be elliptically polarized, the field components of the wave can be resolved into
components El,, HI, parallel to the plane of incidence and El, H1 perpendicular to that
plane. Using the notation of Kraichman [9], the Poynting vector for the El, case (TM
mode) is, with the asterisk denoting the complex conjugate,

Re (E X H*)= Re (k X H) XH] 2 I 22 2R(E [-i 7 2 1.II Imy)1-

where y2 = 4,2 e + ino and k is a unit vector in the direction of propagation. Defining
a transmission coefficient T1 , as the ratio of the normal component of the Poynting vector
in the sea (Hf,z) to the normal component in air (rlHaz) and realizing that the energy flow
in a good conductor (for example the sea) is perpendicular to the surface, there results
for the El, case (TM mode)

Hl = __ = Im (,Y.) I 'Y. I IH12 Im (,Y) -Y 12 Tm 12
T= H- (2)

Im (tya)I ys 12 cos P Im (Ya) I Ys 12 cos Oa

where

TTM 2ys 2 cos Oa . (3)

YS2 cos Oa + aa 2 - a 2 sin2 Oa

2
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INCIDENT REGION (i)
jt'

NUMBER OF HOPS i IONOSP-

ATMOSP

HERE

HERE (a)

T SURFACE Cs)

Fig. 1 - Notation for a wave incident on the ionosphere at an angle 6i,
exiting at an angle oa, and penetrating the sea

Likewise the Poynting vector for the El case (TE mode) is

rJ = 2Re E X (k X E*l E 2
2 i2

H
lStz

a, =z

TTE

Im (rs) 1ITE12

IM (-Ya) COS Oa 
(5)

2za cos 0,
Ya cos 0a + -y;2 - Ya2 sin2F

Therefore the normal component of the total Poynting vector in the sea is given by

Hsz = T 1 H 0-) + T 1 Ha1)- (7)

Using the notation of Pitteway [1], the ratio of the two components 1(') and fl(11) of a
wave related through

___ l) = El 1 2

l~(I -0) El, t
= IaI2 (8)

gives for the normal components of the Poynting vector in the atmosphere

cliz) = 'az 2 ; in'z)
I a 12 r(total)

1 + a 12

3

giving

where

(4)

(6)

(9)



DEWITT, KELLY AND CHAYT

Pitteway also defines a transmission coefficient T2 for the ionosphere as

(total)

T2 a,z , (10)
(total)
i'z

where H (total) is the normal component of the total Poynting vector incident on top of
the ionosphere.

Thus Eq. (7) can be written as

T2 H (total)
H Sz = + z [T Ia 12 + T 1] (11)

From Eqs. (2) and (5) the ratio of Tl1 to T1 is

T 11 I jyI I TTMI
2

which, after using Eqs. (3) and (6), gives

T11 ii s (Ya Cos Oa + \/ys 2 Y- ya2 Sin2 a) 2
(12)

T, 'YS2 cos Oa + 'Ya ras 2
- Ta2 sin2 Oa

In comparing electrical characteristics of the sea and the atmosphere, it is found that
'Ys >> Ya, and Eq. (12) can be written as

T, - T11 cos2 la * (13)

This allows Eq. (11) to be written as

n = T2 ngtotal) T11 (1 + Ia12 cos 2 la) . (14)

Equation (2) can be rewritten as

T - Tg

where

Im (s) IYa 12 2,y.2 cos 6a 2
Tg = 2 . (15)

Im ('ya) [sl zS2 cos ta + Ya /Ys
2

- 'Ya2 sin 2 Oa
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With es >> ya and t, not too far from the vertical, Tg will be nearly constant. There-
fore, Eq. (14) can be written as

IsIz T2 Tg (1 + la12 cos 2 Oa) (- = (16)
n (towa) (1 + Ia1 2 )cos 0a

If the signal reflects once from the earth and then from the lower boundary of the iono-
sphere, the fields are related by

/ El( 1 ) / 1R 11 RI, (1 =0 Ell 0) =/Rll - RI \I(Elj (0)l(17

(El) - (iRI I - /)(E)( (IR - R/kE/ (17)

where the components of the reflection matrix have their standard meaning (Ref. 7). By
induction, after N reflections from the earth and then the ionosphere the fields are
related by

(N) 0

( II) =~ R(N)E) (18)

where

(N) =(R 11(N) R 1 2 (N)A RI - R 11 (19)

R2 1 (N) R (N) IRj - jR /

The normal component of the total Poynting vector in the sea will now be given by

nS(N) = T_ n(i)(N) + T l H(l1)(N) (20)
S'z ~ a,z a,z (0

Using Eqs. (18) and (19) and the relations

a a -IEiaI , n)(N) a IEIIa I , HI' 1 ' ' (21)
1 + laI2

Eq. (20) becomes

H (N) = ~(total) 2 N I]. (2
(Ns) = .z [Ti IR11(N) + R12(N) a 2 + T1 IR (N) +R 2(N) a12

Using the same approximations leading to Eq. (16) allows Eq. (22) to be written as

H(No TI2 TRg [ (N) + R12(N)ai2 +cos2 OaIR 21(N) + R22 (aN)I. (23)

H(tol) (1 + Ia12) cos a
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The right side of this equation is called the TRP factor. When N = 0, R is a unit matrix,
and Eq. (23) reduces to Eq. (16). Thus the TRP factor for multiple hops between the
ground and ionosphere reduces to the zero-hop TRP factor.

Since the components of R(N) are obtained by raising a matrix to the Nth power,
much mixing of parallel and perpendicular wave components results. In addition, each
component of the matrix is a complex number, causing the sense of polarization to change
after each reflection. If the polarization is characterized by the complex polarization
amplitude a, the change in polarization after each hop is determined by the equation

a(N) = R2(1) + R22(1) a(N - 1)(24)

R1 (1) + R1 2 (1) a(N - 1)

where each quantity is a complex number. In fact, if the complex numbers are represented
by

a(N -1) = a +43, (25a)

R(1) = aij + i~ii (25b)

the real part of the polarization amplitude after N hops is given by

Re[a(N)] (a21 +a 2 2a '- 220)(a1 1 +a12a -l12') + (p21 +022a +" 22 0)(011 +012a +120)
(a1l +a 12 -012 )2 + (01 1 +012a +cl120)2

(26a)

and the imaginary part by

Im[a(N)I = (all +a 12 - 120)(021+ 022a +a220) - (a21 +a 2 2& -0 2 2 0)(fl11 + 01 2 a +a 12 0)

(air + a 2 a -012 )2 + (011 +9 12a +&120 )2
(26b)

Thus it is explicitly seen that the sense of polarization after each hop is determined by the
relative magnitudes of the components given in Eq. (25). However, if the number of hops
is large, it is difficult to determine the sense of polarization. This can be overcome in
the following way.

Recall Eqs. (18) and (19):

( El )iN= R(N)(EH) (18)

C 1R1-±Rii \N

R(N) 1,R jR 1 (19)

6
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From the eigenvalue equation

(1R l - A

\1 IIR

-IR 11)
- lRl - X}

U1\
kU2)

= 0 , (27)

a matrix Q can be constructed which will diagonalize R (1). That is, for Eq. (27) to have
solutions, the following must be satisfied:

IR11 - X
JIR1

- A11
- lRl - X = 0.

Thus X satisfies a quadratic equation with the two solutions

X = 1 (IR 1i - 1R 1) ± 2 / (IR 11 - jR 1)2 - 4(1lRj 1R 11 - IIRI 11RJ)22

Denoting the solution with the positive sign by Xp and that with the negative sign by Xn
the matrix Q will then be

/ 1 1 \
Up U

0 = R 11 - Xp I1R11 Xn ,
1 R 11 Up 1 R 11 Un

where

U 2 - 1 RI, - 2 2 = 1 IR 1 - 2P ,R1 Un =1+I

Multiplying Eq. (18) on the left by Q-1 and using QQ-1 = 1 gives

0-1 E(N) = (Q-l R(1) Q)N Q-1 E(0 ) . (28)

But since 0 diagonalizes R (1), there results

0 \\ (Q 1 Q12 -1 II (0)

)= t0 ° nN /Q 2 1 Q2 2 KE±0)-

(29)

where Qij-1 denotes the components of Q-1. Taking ratios
using the definitions

E (0)
a(O) = , a(N) =

El, (O)

of the vector components and

E1 (N)

E 11(N)
(30)

7
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gives

~1[(A~\N Qi 4 + Ql~j1 a(0) 1 1

Q2 1 L[(It2 Q211 + Q221 a(0 l - . (31)

Q -1 - -1 (A\NP Q1 1 1 + Q12- 1 a(°0 1
2 Q2 2 kin Q2f 1 + Q22-1 a( 0 )

This is an explicit expression for the polarization parameter after N hops. Equation (31)
now shows that there will be two limiting cases for the polarization parameter when N is
large, namely

a ____ when I_ I< ; (32a)
Ql2- 1 An

a(N) _ lwhen --Il> 1. (32b)
Q22 1 X

Note that each limit is independent of the initial polarization, unless I Ap /Xn I = 1.

CALCULATIONS AND RESULTS

Ionospheric Profiles

To make calculations of ionospheric reflection and transmission coefficients, iono-
spheric electron-density and collision-frequency profiles are required. For our present
calculations we have used a daytime profile of the lower ionospheric electron density and
collision frequency [10] and a nighttime profile [11].

Reflection Coefficients

We used the computer programs of Pappert et al. [12] and Smith and Pitteway [13]
to calculate reflection coefficients I 11R II , I RY I , I 1Ri I , and I1R 1I I and obtained good
agreement for these quantities using the two different programs (Table 1). Figures 2
through 4 show values of the reflection coefficients as a function of angle of incidence
on the ionosphere for the nighttime ionospheric profile.

Calculation of the Transmission Coefficient

The Smith-Pitteway full-wave program was used, in conjunction with the Galejs
nighttime ionospheric profile, to calculate whistler-mode transmission and reflection
coefficients, given a frequency of 3 kHz, a dip angle of 600, and various values of the

8
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Table 1
Comparison of the Results of the Pappert Program and the

Pitteway Program for a Daytime (3 = 0.5 km-l, h = 70 km)
ionosphere at 2 kHz

0 IIR 11 lRi

(degrees) Pappert Pitteway Pappert Pitteway

0 0.7738 0.76286 0.7738 0.76286

30 0.7109 0.696809 0.8009 0.79198

45 0.6314 0.6163 0.8340 0.8259

60 0.5288 0.5215 0.8798 0.8735

I-z

U-

w0
C )
z
0
IL-

-
ILJ

i
Uj

Ui
0

0en
0o

0 20 40 60 80
ANGLE OF INCIDENCE B (degrees)

Fig. 2 - Nighttime ionospheric reflection coefficients
for 3 kHz east-to-west propagation
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G0.1
U\
U-
w0
0
Z0
Ui

U-
w

0

'JO,0O O I 

0 20 40 60 80
ANGLE OF INCIDENCE 8 (degrees)

Fig. 3 - Nighttime ionospheric reflection coefficients
for 3 kHz south-to-north propagation

angle of incidence and azimuth, measured from magnetic north. The top and bottom
heights were set equal to 120 km and 67.5 km respectively. Figures 5 and 6, along with
Tables 2 through 4, show the results of these calculations.

It was first established that a step size of one hundredth of a wavelength (X/100)
was suitable for the calculations. In Table 3, for instance, comparison of lines 2 and 3,
or lines 5 and 6, or lines 8 and 9, reveals considerable differences in the transmission
coefficients when a step size of A/50 is used instead of X/100. On the other hand, com-
parison of lines 1 and 2 of Table 4 reveals that the transmission coefficient remains con-
stant to three significant figures when the step size is increased from X/1000 to X/100.

Figure 5, obtained from Table 2, shows the variation of the transmission and reflec-
tion coefficients with the angle of incidence PHI for a fixed azimuth AZ = 00. The trans-
mission coefficient varies from a minimum value at large magnitude of PHI to a maximum

10
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i-

z
w

Z0
C-)

Uz

Ir
0v-)
W

-J

W

C-)

0~

0

0 20 40 60 80
ANGLE OF INCIDENCE 9 (degrees)

Fig. 4 - Nighttime ionospheric reflection coefficients
for 3 kHz west-to-east propagation

value within a region of PHI near 00. Furthermore, the transmission coefficient is not
completely symmetrical about PHI = 00. The reflection coefficient varies from a maximum
value at large values of PHI to a minimum value near PHI = 00, although the variation is
only slight (from about 0.606 at PHI = -85° to 0.527 at PHI = 0°) and is more symmetri-
cal than the transmission coefficient.

Figure 6, obtained from Tables 2 and 4, shows a family of graphs of transmission
coefficients and reflection coefficients as a function of azimuth for fixed values of PHI
equal to 30°, 600, and 850. Since computations are made for few values of AZ, adjacent
points of the same graph are joined by a straight line. For a fixed value of PHI, the trans-
mission coefficients seem to decrease as the azimuth increases from 00, but they increase
as the azimuth approaches 2700. The transmission coefficient for any fixed azimuth
decreases as PHI increases from 30° to 850. The reflection coefficients seem to increase
slightly as the azimuth increases from 00, but they decrease as the azimuth approaches
2700. The reflection coefficient for any fixed azimuth increases slightly as PHI increases
from 30° to 850.

11
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0.8

U,
a- 0.7w

U-

3 0 .6 l l l l l l l 

-s(50 -0 3 ---lo… -o 3 50 s

UJ
-J

0

Z 00

U)

U)

-90 -70 -50 -30 -lO 0 10 30 50 70 90
PHI (degrees)

Fig. 5- Transmission coefficient (solid line) and reflection coefficient (dashed line) vs
the angle of incidence from the vertical (PHI) for 3 kHz, dip angle = 60°, and azimuth =

0° (measured from magnetic north)

Figure 7 shows the typical behavior of the hop-dependent part of the TRP factor
(the term in braces in Eq. (23)). Note that this term also contains a cos2 6a dependence.
Each curve represents a 3-kHz wave launched in a different direction from the same loca-
tion (altitude 818.1 km, geomagnetic latitude 43.6556°, geomagnetic longitude 0.00).
Figure 8 shows the geometry determining the initial propagation direction k in a local
right-hand coordinate system with unit vectors r, j, $ positive in the directions of in-
creasing altitude, colatitude, and east longitude respectively. The angle 6 is is the angle
between i and the projection of k onto the r 0 plane, and 6 ¢ is the angle between r and
the projection of k onto the r 0 plane. Thus the three cases in Fig. 7 have the following
orientation:

12

Case 6I, (deg)I , (deg) _

a 197.6654 182.4000

b 197.6654 182.6000

c 197.6654 182.6400
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Table 3
Transmission and Reflection Coefficients

as a Function of AZ

Fre- Dip |g A Bottom rNumber of T Reflec- Trans-
quency Angle PHI AZ Hegt SeSie Hiht io msin
(kHz) (Deg) (Deg) (Deg) (kin) per (kin) {ofi Coeffi-__

Wavelength cient cient

3 60 85 0 67.50 50 120 0.653 0.400
3 60 85 90 67.50 100 120 0.628 0.306
3 60 85 90 67.50 50 120 0.632 0.375
3 60 85 270 67.50 50 120 0.579 0.524
3 60 60 90 67.50 100 120 0.573 0.596
3 60 60 90 67.50 50 120 0.574 0.734
3 60 60 270 67.50 50 120 0.536 0.803
3 60 30 90 67.50 100 120 0.540 0.698
3 60 30 90 67.50 50 120 0.538 0.862
3 60 30 270 67.50 50 120 0.528 0.870

Table 4
Transmission and Reflection Coefficients

for Various PHI and AZ

Fre- Dip PHI AZ Bottom Number of Top Reflec- Trans-
quency Angle (Deg) (Deg) Height Step Sizes Height tion mission
(kHz) (Deg) (k) per (kin) Coeffi- Coeffi-

________ Wavelength cient cient

3 60 85 90 67.50 1000 120 0.622 0.306
3 60 85 90 67.50 100 120 0.628 0.306
3 60 85 180 6.750 100 120 0.606 0.313
3 60 85 270 67.50 100 120 0.575 0.427
3 60 60 90 67.50 100 120 0.573 0.596
3 60 60 270 67.50 100 120 0.539 0.650
3 60 30 90 67.50 100 120 0.540 0.698
3 60 30 270 67.50 100 120 0.532 0.703

14
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To

N

Cr

0.1

Cd

Ir

0.01 I 
1 2 3 4 5

NUMBER OF HOPS

Fig. 7 - Variation of a term in the TRP factor as a function
of the number of hops N for three cases

Using Eq. (31), the wave polarization in each case can be calculated as a function of
the number of hops. These equations were evaluated for the three cases of Fig. 7, and
the results are shown in Fig. 9. Using the convention that if a = a + i 1, with

1 = 0 - phase = 0, ir -+ linear polarization

a > 0, 0 > O 0 < phase < 7r/2 - right elliptic polarization
(negative helicity)

a < 0, i > 0 - 1i/2 < phase < 1T - right elliptic polarization

a = 0, j = 1 - phase = ir/2 -+ right circular polarization

* 6 0, f <0 -O 7r < phase < 37T/2 - left elliptic polarization
(positive helicity)

a > 0, 3 < 0 - 3ir/2 < phase < 27r - left elliptic polarization

a = 0, 13 = -1 - phase = 3it/2 - left circular polarization

15
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A
r

/~~~~~~~~~
A~~ 

A
k

Fig. 8 - Geometry determining the initial propagation
direction k; r is in the direction of increasing height,
e is in the direction of increasing colatitude, and ¢ is
in the direction of increasing east longitude.

it is seen that in each case the wave started out as right elliptically polarized and changed
drastically on each hop. However, the limiting polarization was right elliptical and neared
the limiting value after seven hops. It should also be pointed out that Case a and Case b
satisfied Eq. (32a), whereas Case c satisfied Eq. (32b).

CONCLUSION

Expressions have been derived and programmed which predict the ratio of power
penetrating the sea to the power incident above the ionosphere as a function of the num-
ber of wave hops between the earth-ionosphere wave guide. The program also calculates
the wave polarization as a function of the number of hops and predicts the resulting
polarization after a large number of hops. The program allows these results to died
as a function of the ionospheric model and point of entry of the incident wave on the
ionosphere. Thus these results, when added to those described in other reports [14],
allow a signal power budget to be calculated for a magnetospheric source radiating in the
ELdor VLF range.

16
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REP

LEP

Im(a)

(12

10

[ 8 REP

LEP

Fig. 9 - Real and imaginary parts of the polarization amplitude a
as a function of the number of hops. REP denotes the regions of
right elliptical polarization, and LEP denotes the regions of left ellipti-
cal polarization.
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